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THE GENERIC BIPARTITE GRAPHS OF DIAMETER 3: THEIR
AGES AND THEIR ALMOST SURE THEORIES
REBECCA COULSON
Abstract. In an effort to find more examples of amalgamation classes whose
almost sure theories are the same as their generic theories as well as amal-
gamation classes whose almost sure theories are different from their generic
theories, we address our attention to two new cases: the bipartite diameter 3
metrically homogeneous graphs of generic type. These graphs were identified
by Cherlin in [Che17], and are determined by certain forbidden configurations.
In this paper, we explicitly identify and enumerate their ages, for which we
then establish both unlabeled and labeled 0–1 laws. Finally, we show that for
one of these bipartite graphs the almost sure theory matches its generic theory,
and for the other bipartite graph it does not.
1. Introduction
It is a well-known result that the class G of all finite graphs satisfies a 0–1 law :
for any first-order sentence φ in the language of graphs,
lim
n→∞
|G ∈ Gn : G |= φ|
|Gn|
∈ {0, 1},
where Gn is the set of finite graphs on n vertices [Fag76]. Thus we may define the
almost sure theory of G to be the collection of sentences whose corresponding limit
is 1. The class G forms an amalgamation class, and its Fra¨ısse´ limit is the Rado
graph. The theory of the Rado graph, the generic theory of G, is the same as the
almost sure theory of G.
On the other hand, the amalgamation class G△ of finite triangle-free graphs
also satisfies a 0–1 law, but its almost sure theory does not match the theory of its
Fra¨ısse´ limit, the generic triangle-free graph. Almost every large triangle-free graph
is bipartite—that is, it omits odd cycles—while the generic triangle-free graph is
not bipartite. This behavior continues for Kn-free graphs generally: the class of
Kn-free graphs for a fixed finite n forms an amalgamation class with a 0–1 law, and
its almost sure theory is (n− 1)-partite, while its generic theory is not [PK87].
Thus we have the following question.
Big Question: When does the almost sure theory of an amalgamation class
match the generic theory of its Fra¨ısse´ limit?
Aspects and specific instances of this question have been studied (see [Ahl16],
[Hil], and [Kru19] for some) but the general question remains open.
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We address our question to two other graph Fra¨ısse´ limits determined by forbid-
den configurations, though here their amalgamation classes consist of finite integer-
valued metric spaces. Specifically, we will be examining the two diameter 3 bipartite
metrically homogeneous graphs of generic type.
Throughout this article, we will use A to refer to amalgamation classes and Γ to
refer to Fra¨ısse´ limits.
1.1. Metrically homogeneous graphs of generic type. Homogeneous graphs
are graphs in which every finite partial automorphism can be extended to a full au-
tomorphism. The finite and countably infinite homogeneous graphs were classified
in [Gar80, She74, LW80]. Metrically homogeneous graphs comprise a larger class
of graphs—these are graphs in which every finite partial isometry, using the path
metric, can be extended to a full isometry.
The finite metrically homogeneous graphs were classified by Cameron in [Cam76].
Cherlin has a tentative catalog of all countable metrically homogeneous graphs
[Che17]. A large class of these are metrically homogeneous graphs of “generic
type.” All of the known metrically homogeneous graphs of generic type are them-
selves Fra¨ısse´ limits, though of finite integer-valued metric spaces which omit certain
“metric triangles” as well as certain technical “Henson constraints.”
By metric triangles we mean triples of distances (d1, d2, d3) for which there are
three vertices v1, v2, v3 where d(v1, v2) = d1, d(v1, v3) = d2, and d(v2, v3) = d3. The
forbidden triangles for a given metrically homogeneous graph of generic type are
determined by five parameters (δ,K1,K2, C, C
′), where
• δ is the diameter, i.e. is the max distance between two vertices;
• K1 is the smallest k for which the metric triangle (1, k, k) is realized;
• K2 is the largest k for which the metric triangle (1, k, k) is realized;
• C0, C1 are the smallest even, odd numbers respectively such that there are
no triangles of even/odd perimeter at least C0, C1; C = min(C0, C1), and
C′ = max(C0, C1).
We refer to such a metrically homogeneous graph as ΓδK1,K2,C,C′ and its amalga-
mation class as AδK1,K2,C,C′
Some metrically homogeneous graphs of generic type have additional Henson
constraints S which consist of forbidden spaces only taking distances in {1, δ}. The
metrically homogeneous graphs we consider in this article have S = ∅ and thus we
will restrict our attention to forbidden triangles.
We work within an integer-valued metric space in which distances are either 1, 2
or 3; we view these spaces as complete graphs with edges weighted 1, 2 or 3. We
refer to an edge of weight i as an i-edge. A collection of vertices all of which are
pairwise connected via i-edges will be called an i-clique.
The metrically homogeneous graphs of diameter 3 were classified by Amato,
Cherlin, and MacPherson in [ACM16]. We examine here the two bipartite metri-
cally homogeneous graphs of diameter 3:
Γ3∞,0,7,8 and Γ
3
∞,0,7,10.
In Section 2, we explicitly identify their ages and enumerate them both up to
isomorphism and generally. In Section 3, we discuss the global structure of Γ3∞,0,7,8
and Γ3∞,0,7,10. In Section 4, we establish both unlabeled and labeled 0–1 laws for
A3∞,0,7,8 and A
3
∞,0,7,10. Finally, in Section 5, we show that the almost sure theory
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and generic theory diverge for A3∞,0,7,8, but converge for A
3
∞,0,7,10. In Section 6,
we conclude with some open questions.
1.2. Results. In [ACM16], Amato, Cherlin, and MacPherson classified all the met-
rically homogeneous graphs of diameter 3. There are 13 metrically homogeneous
graphs of generic type of diameter 3.
The only two bipartite metrically homogeneous graphs of generic type of diame-
ter 3 are Γ3∞,0,7,8 and Γ
3
∞,0,7,10. Our first main results are the explicit classifications
and enumerations of all the spaces in A3∞,0,7,8 and of all the spaces in A
3
∞,0,7,10.
Theorem 1. Let A be a metric space on n ≥ 3 vertices in A3∞,0,7,8. Then A must
consist of two 2-cliques Q1, Q2 on k vertices and n−k vertices respectively, for any
0 ≤ k ≤ n− k, in which each of the vertices from Q1 have either no or one 3-edge
into Q2, and the other connecting edges are 1-edges. For a fixed k, there are up to
isomorphism exactly k + 1 possible clique pairs. This gives us that there are up to
isomorphism ⌊
n
2
⌋2
2
+
3
⌊
n
2
⌋
2
+ 1
metric spaces on n vertices in A3∞,0,7,8.
Furthermore, when counting not up to isomorphism, there are
⌊n
2
⌋∑
k=0
k∑
j=0
Ç
n
k
åÇ
k
j
åÇ
n− k
j
å
j!
=
⌊n
2
⌋∑
k=0
(−1)k
Ç
n
k
å
U(−k, n− 2k + 1,−1)
metric spaces on n vertices in A3∞,0,7,8, where U is the hypergeometric confluent
function.
Theorem 2. Let A be a metric space on n ≥ 3 vertices in A3∞,0,7,10. Then A must
consist of two 2-cliques Q1, Q2, on k vertices and n − k vertices respectively, for
any 0 ≤ k ≤ n− k, in which each of the vertices from Q1 have any configuration of
1-edges and 3-edges into Q2. For a fixed k, there are up to isomorphism exactly
k∏
i=1
n− k + i
k!
=
Γ(1 + n)
Γ(1 + n− k)k!
possible clique pairs.
In particular, this gives us that there are up to isomorphism
⌊n
2
⌋∑
k=0
k∏
i=1
n− k + i
k!
= 2nΓ
(
n−
⌊
n
2
⌋)
Γ
(⌊n
2
⌋
+2
)
−
Γ(n+ 1) 2F1
[
1,−n+
⌊
n
2
⌋
+ 1;
⌊
n
2
⌋
+ 2;−1
]
Γ(n−
⌊
n
2
⌋
)Γ(
⌊
n
2
⌋
+ 2)
metric spaces on n vertices in A3∞,0,7,10, where 2F1 is the hypergeometric function.
When counting not up to isomorphism, there are
⌊n
2
⌋∑
k=0
Ç
n
k
å
2k(n−k)
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metric spaces on n vertices in A3∞,0,7,10.
We note that when we say A must consist of two 2-cliques, we allow for the
possibilities of one of the 2-cliques being empty or consisting of a single vertex.
After identifying these spaces, we use these classifications to prove that both
A3∞,0,7,8 and A
3
∞,0,7,10 satisfy 0–1 laws, and in doing so we identify their almost
sure theories. Finally, we compare these almost sure theories to the corresponding
generic theories, and we establish that the almost sure theory and the generic theory
match for A3∞,0,7,8 but not for A
3
∞,0,7,10.
Since these classes consist of metric spaces with distances 1, 2, or 3, the lan-
guage we use is finite binary relational, with a relation for each possible distance:
{R1, R2, R3}.
Theorem 3. The space A = A3∞,0,7,8 satisfies both an unlabeled and a labeled 0–1
law: any first-order sentence φ in L = {R1, R2, R3} will satisfy
lim
n→∞
mA,φ(n) ∈ {0, 1}
where n is the number of vertices of the spaces in A3∞,0,7,8, and mA,φ(n) is the pro-
portion of n-vertex spaces in A = A3∞,0,7,8 which satisfy a fixed φ. This convergence
happens whether we count up to isomorphism or not.
Moreover, the almost sure theory of A3∞,0,7,8 diverges from the generic theory of
Γ3∞,0,7,8.
Theorem 4. The space A = A3∞,0,7,10 satisfies both an unlabeled and a labeled 0–1
law: any first-order sentence φ in L = {R1, R2, R3} will satisfy
lim
n→∞
mA,φ(n) ∈ {0, 1}
where n is the number of vertices of the spaces in A3∞,0,7,10, and mA,φ(n) is the
proportion of n-vertex spaces in A = A3∞,0,7,10 which satisfy a fixed φ. This con-
vergence happens whether we count up to isomorphism or not.
Moreover, the almost sure theory of A3∞,0,7,10 agrees with the generic theory of
Γ3∞,0,7,10.
2. The Explicit Identification and Enumerations of A3∞,0,7,8 and of
A3∞,0,7,10
The driving difference between A3∞,0,7,8 and A
3
∞,0,7,10 is that A
3
∞,0,7,10 allows
the metric triangle (2, 3, 3). Thus our process for identifying these two classes will
be quite similar, though we will ultimately have the possibility for more 3-edges
and thus more spaces in A3∞,0,7,10.
2.1. The explicit identification of A3∞,0,7,8 and its enumeration up to iso-
morphism. We begin by observing the following.
Observation 2.1. The only triangles in A3∞,0,7,8 are
• (1, 1, 2);
• (1, 2, 3);
• (2, 2, 2).
Proof. This follows immediately from the fact that we have excluded all triangles
of odd perimeter and triangles of perimeter more than 6. Note that (1, 1, 3) is not
a triangle, as it violates the triangle inequality. 
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We thus have the following.
Observation 2.2. Any collection of three vertices must have at least one pairwise
distance of 2.
Moreover, we also get the following.
Lemma 2.1. Any 2-edge is part of a 2-clique.
Proof. An isolated 2-edge constitutes a 2-clique, namely a 2-clique of 2 vertices.
If there are two adjacent 2-edges, then the only triangle they can be a part of
is (2, 2, 2). Any larger collection of k connected 2-edges will have its adjacent pairs
all be in the metric triangle (2, 2, 2); thus this collection must be part of a 2-clique
on k + 1 vertices. 
We will use now the following terminology.
Definition 2.1. A 2-clique is maximal if there is no strictly larger 2-clique con-
taining it.
Lemma 2.2. A space A ∈ A3∞,0,7,8 can have at most two maximal 2-cliques.
Proof. Assume towards a contradiction that A contains 3 distinct maximal 2-
cliques, which we write as Q1, Q2, Q3. By Lemma 2.1, there are no 2-edges between
these cliques, as they would otherwise not be distinct. Thus the edges between
them are weighted either 1 or 3. However then any triangle (v1, v2, v3) comprising
of vertices from Q1, Q2, Q3 respectively must have odd perimeter. Thus no such
configuration is possible. 
Lemma 2.3. For any space A ∈ A3∞,0,7,8, if A contains two maximal 2-cliques,
then these 2-cliques partition the vertices of A. That is, each vertex of A will be in
exactly one 2-clique.
Proof. Assume that A has two maximal 2-cliques Q1, Q2. Assume moreover, to-
wards a contradiction, that there is some vertex v outside of Q1 and Q2. We
consider a triangle (v, q1, q2) where q1, q2 are vertices in Q1, Q2 respectively.
As noted in Observation 2.2, (v, q1, q2) must contain a 2-edge. This contradicts
the assumption that Q1, Q2 are distinct 2-cliques.
Thus if there are two distinct 2-cliques in A, then the maximality and the dis-
tinctness of these cliques imply that every vertex in A must be in exactly one of
the 2-cliques. 
Corollary 2.3.1. Any metric space A ∈ A3∞,0,7,8 on n ≥ 3 vertices consists of two
2-cliques, one on k vertices and the other on n−k vertices, for some 0 ≤ k ≤ n−k.
Proof. This follows immediately from Observation 2.2, and Lemmas 2.1, 2.2, and
2.3, and from observing once more that k = 0, 1 allows for trivial 2-cliques. 
Lemma 2.4. There are up to isomorphism exactly k + 1 spaces with n vertices in
A3∞,0,7,8 which contain a 2-clique Q1 on k vertices and a distinct 2-clique Q2 on
n− k vertices, for 0 ≤ k ≤ n− k. Explicitly, each vertex v from Q1 contains either
no or one 3-edge into Q2, and every other edge from v into Q2 is a 1-edge.
Proof. The triangles in the spaces described will only be (1, 1, 2), (1, 2, 3), or (2, 2, 2).
As anywhere from none to all of the k-many vertices in Q1 can have a 3-edge into
Q2, we have that there are k + 1 possible such spaces. 
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We now have what we need to prove the first enumeration from Theorem 1.
Theorem 2.1. For a fixed n, there are up to isomorphism
⌊
n
2
⌋2
2
+
3
⌊
n
2
⌋
2
+ 1
metric spaces on n vertices in A3∞,0,7,8.
Proof. The number of metric spaces follows Lemma 2.4. Finally, we note that
⌊n
2
⌋∑
k=0
k + 1 =
⌊n
2
⌋+1∑
k=1
k =
(
⌊
n
2
⌋
+ 2)(
⌊
n
2
⌋
+ 1)
2
=
⌊
n
2
⌋2
2
+
3
⌊
n
2
⌋
2
+ 1,
the first term being the sum resulting directly from Lemma 2.4. 
2.2. The general enumeration of A3∞,0,7,8. We can directly prove the second
enumeration from Theorem 1.
Theorem 2.2. There are
⌊n
2
⌋∑
k=0
k∑
j=0
Ç
n
k
åÇ
k
j
åÇ
n− k
j
å
j!
=
⌊n
2
⌋∑
k=0
(−1)k
Ç
n
k
å
U(−k, n− 2k + 1,−1)
metric spaces on n vertices in A3∞,0,7,8, where U is the hypergeometric confluent
function.
Proof. Fix some k such that 0 ≤ k ≤ n−k. Fix a metric space in A3∞,0,7,8 consisting
of two 2-cliques Q1,Q2 on k and n− k vertices such that there are j vertices in Q1
with matching vertices in Q2 at distance 3, for some 0 ≤ j ≤ k. There areÇ
n
k
åÇ
k
j
åÇ
n− k
j
å
j!
such spaces in A3∞,0,7,8 for a fixed n, k, and j. We see this as follows: there are(
n
k
)
ways to divvy up the n vertices between Q1 and Q2. There are
(
k
j
)(
n−k
j
)
ways
to choose j pairs in Q1 and Q2 which have a matched clique at distance 3 in the
opposite clique. Finally, there are j! ways to arrange these pairs.
Thus for a fixed n, we have
⌊n
2
⌋∑
k=0
k∑
j=0
Ç
n
k
åÇ
k
j
åÇ
n− k
j
å
j!
=
⌊n
2
⌋∑
k=0
(−1)k
Ç
n
k
å
U(−k, n− 2k + 1,−1)
metric spaces in A3∞,0,7,8, when not counting generally, and where U is the hyper-
geometric confluent function.
We recall for comparison that there are
⌊n/2⌋∑
k=0
k∑
j=0
1
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isomorphism classes of spaces on n vertices in A3∞,0,7,8. 
Thus we have proved our first main theorem.
Proof of Theorem 1. This follows directly from Lemma 2.4 and Theorems 2.1 and
2.2. 
We provide here for illustration the isomorphism classes of metric spaces on 5
vertices in A3∞,0,7,8.
Figure 1. The six isomorphism classes of metric spaces on 5 ver-
tices in A3∞,0,7,8
Solid black lines denote distance 1, solid grey lines denote distance
2, and dotted black lines denote distance 3
2.3. The explicit identification of A3∞,0,7,10 and its enumeration up to iso-
morphism. The structure of our analysis here closely follows that of A3∞,0,7,8.
We begin by observing the following.
Observation 2.3. The only triangles in A3∞,0,7,10 are
• (1, 1, 2);
• (1, 2, 3);
• (2, 2, 2);
• (2, 3, 3).
Thus Observation 2.2 still holds, that is, any collection of three vertices must have
at least one pairwise distance of 2. Lemmas 2.1, 2.2, and 2.3 therefore also hold.
Our first difference between A3∞,0,7,8 and A
3
∞,0,7,10 is the following.
Lemma 2.5. Any metric space A ∈ A3∞,0,7,10 on n ≥ 3 vertices consists of two
2-cliques, one on k vertices and one on n − k vertices, for some 0 ≤ k ≤ n − k,
with any configuration of 1-edges and 3-edges between the cliques.
Proof. Recall that inclusion in A3∞,0,7,10 is determined by the exclusion of
forbidden metric triangles, or equivalently, by only allowing the triangles
(1, 1, 2), (1, 2, 3), (2, 2, 2), and (2, 3, 3).
The only triangles within a 2-clique will have the type (2, 2, 2). The only triangles
between 2-cliques will be of type (1, 1, 2), (1, 2, 3), or (2, 3, 3), all of which are
allowed. It is not possible for any odd perimeter triangles or the triple (1, 1, 3) to
be embedded, by Observation 2.2. 
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We can now prove the first enumeration from Theorem 2.
Theorem 2.3. For a fixed n, k there are up to isomorphism
k∏
i=1
n− k + i
k!
=
Γ(1 + n)
Γ(1 + n− k)k!
different possible pairs of cliques in a metric space on n vertices in A3∞,0,7,10.
In particular, this gives us that there are up to isomorphism
⌊n
2
⌋∑
k=0
k∏
i=1
n− k + i
k!
= 2nΓ
(
n−
⌊
n
2
⌋)
Γ
(⌊n
2
⌋
+2
)
−
Γ(n+ 1) 2F1
[
1,−n+
⌊
n
2
⌋
+ 1;
⌊
n
2
⌋
+ 2;−1
]
Γ(n−
⌊
n
2
⌋
)Γ(
⌊
n
2
⌋
+ 2)
metric spaces on n vertices in A3∞,0,7,10, where 2F1 is the hypergeometric function.
Proof. The metric spaces on n vertices in A3∞,0,7,10 are described in Lemma 2.5.
All that remains then is to count the spaces found.
Clearly, there is one 2-clique on n vertices.
For a fixed k > 0, there are up to isomorphism
∑n−k+1
i=1 i possible pairs of cliques
Q1, Q2 on k and n − k vertices respectively. We can see this as follows. Each
vertex v in Q1 can have anywhere from 0 to n − k 3-edges extending from it into
Q2. We view these options as k-tuples, in which each position can take values in
{0, · · · , n−k}. We require that the tuple must be in nondecreasing order, to ensure
that we produce spaces which are unique up to isomorphism. There are
n−k+1∑
ik=1
ik∑
ik−1=1
· · ·
i2∑
i1=1
i
such spaces, where there are k-many sums. This can be simplified to
k∏
i=1
n− k + i
k!
.
Summing over every possible 1 ≤ k ≤
⌊
n
2
⌋
yields
⌊n
2
⌋∑
k=1
k∏
i=1
n− k + i
k!
=
⌊n
2
⌋∑
k=1
Γ(1 + n)
Γ(1 + n− k)k!
= 2nΓ
(
n−
⌊
n
2
⌋)
Γ
(⌊n
2
⌋
+ 2
)
−
Γ(n+ 1) 2F1
[
1,−n+
⌊
n
2
⌋
+ 1;
⌊
n
2
⌋
+ 2;−1
]
Γ(n−
⌊
n
2
⌋
)Γ(
⌊
n
2
⌋
+ 2)
− 1
spaces on n vertices in A3∞,0,7,10 which contain two distinct 2-cliques, where 2F1 is
the hypergeometric function. 
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2.4. The general enumeration of A3∞,0,7,10. We can now directly prove the
second enumeration from Theorem 2.
Theorem 2.4. For a fixed n, there are
⌊n
2
⌋∑
k=0
Ç
n
k
å
2k(n−k)
metric spaces on n vertices in A3∞,0,7,10.
Proof. We again begin by fixing some k such that 0 ≤ k ≤ n−k. Fix a metric space
in A3∞,0,7,10 consisting of two 2-cliques Q1, Q2 on k and n− k vertices respectively.
Each vertex from Q1 can have anywhere from none to n−k 3-edges extending from
it, and each vertex in Q1 may choose its 3-edges independently of the others. Thus
for a fixed n, we have
⌊n
2
⌋∑
k=0
Ç
n
k
å
2k(n−k)
labeled metric spaces in A3∞,0,7,10.
Again, for comparison, there are
⌊n
2
⌋∑
k=0
Γ(n+ 1)
Γ(n− k + 1)k!
isomorphism classes of metric spaces on n vertices in A3∞,0,7,10. 
Thus we have now shown Theorem 2.
Proof of Theorem 2. This follows immediately from Lemma 2.5 and Theorems 2.3
and 2.4. 
We include here for illustration the isomorphism classes of metric spaces on 5 ver-
tices in A3∞,0,7,10.
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Figure 2. The sixteen isomorphism classes of metric spaces on 5
vertices in A3∞,0,7,10
Solid black lines denote distance 1, solid grey lines denote distance
2, and dotted black lines denote distance 3
3. Identifying Γ3∞,0,7,8 and Γ
3
∞,0,7,10
3.1. Identifying Γ3∞,0,7,8. We know that Γ
3
∞,0,7,8 must embed all of the spaces
found in Section 2.1. The fact that it must embed two arbitrarily large 2-cliques
implies that it must contain two countable 2-cliques. It cannot contain any vertices
which are not in one of these two cliques, because if it did, then as with Lemma 2.2,
we would have to have a triangle of odd perimeter. Thus, we see that Γ3∞,0,7,8 must
be bipartite, with the distances within each part being 2, and distances between
parts being either 1 or 3. Moreover, one vertex can have at most one 3-edge
extending from it. As any number of vertices can have a 3-edge extending from it,
each part must embed countably many vertices which have a single 3-edge extending
from it. Thus, contained in each part is a countable collection of vertices which
have exactly one 3-edge extending into the other part. To ensure homogeneity,
every vertex will have a single 3-edge extending from it into the other part.
Thus it must be that Γ3∞,0,7,8 consists of two parts, where every vertex is distance
2 from the vertices in its part, distance 3 from exactly one vertex in the opposite
part, and distance 1 from every other vertex in the opposite part.
Without loss of generality, Γ3∞,0,7,8 resembles the figure below. These two figures
are equivalent; the graph can be obtained from the metric space by erasing
distances 2 and 3. Similarly, the metric space can be obtained by the graph by
assigning the path metric. This graph is the bipartite complement of a matching
between infinite sets.
Viewed as a metric space Viewed as a graph
Figure 3. The metrically homogeneous graph Γ3∞,0,7,8
Solid black lines denote distance 1, solid grey lines denote distance
2, and dotted black lines denote distance 3
3.2. Identifying Γ3∞,0,7,10. Again, we know that Γ
3
∞,0,7,10 must embed all of the
spaces found in Section 2.3. The fact that it must embed two arbitrarily large
2-cliques implies that it must contain two countable 2-cliques. It cannot contain
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any vertices which are not in one of these two cliques. Thus, we see that Γ3∞,0,7,10
must be bipartite, with the distances within each part being 2.
As with Γ3∞,0,7,8, the distances between the parts can either be 1 or 3. By our
classification, we know that each part of Γ3∞,0,7,10 must embed countably many
vertices which have countably many 1-edges and coutably many 3-edges extending
into the opposite part. To ensure homogeneity, every vertex must have countably
many 1-edges and countably many 3-edges extending into the other part.
Thus we have identified Γ3∞,0,7,10 up to isomorphism; see Figure 4 below. Again,
these two figures are equivalent; the graph can be obtained from the metric space
by erasing distances 2 and 3, and the metric space can be obtained by the graph
by assigning the path metric. This graph is known as the generic bipartite graph
of diameter 3.
Viewed as a metric space Viewed as a graph
Figure 4. The metrically homogeneous graph Γ3∞,0,7,10
Solid black lines denote distance 1, solid grey lines denote distance
2, and dotted black lines denote distance 3
4. Establishing 0–1 laws
4.1. Establishing a 0–1 law for A3∞,0,7,8. We will show that sentences of the
following forms sentences axiomatize the almost sure theory of A3∞,0,7,8.
(1) ∀u∀v(u 6= v =⇒ (d(u, v) = 1 ∨ d(u, v) = 2 ∨ d(u, v) = 3))
This first sentence says that distance between any two vertices is always
defined, and must be 1, 2, or 3.
(2) ∀u¬∃v1, v2 such that
v1 6= v2 ∧ d(u, v1) = 3 ∧ d(u, v2) = 3
This sentence says that no triple of vertices will have two 3-edges
(3) ∀u1, u2, u3
∧
i,j ui 6= uj =⇒
d(u1, u2) = 2 ∧ d(u1, u3) = 2 ∧ d(u2, u3) = 2
∨
d(u1, u2) = 2 ∧ d(u1, u3) 6= 2 ∧ d(u2, u3) 6= 2∨
d(u1, u3) = 2 ∧ d(u1, u2) 6= 2 ∧ d(u2, u3) 6= 2
∨
d(u2, u3) = 2 ∧ d(u1, u2) 6= 2 ∧ d(u1, u3) 6= 2
This sentence says that every triple of vertices must have either three
2-edges or exactly one 2-edge
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(4) ∃u1, · · · , up, ∃v1, · · · , vp such that
∧
i6=j
ui 6= uj
∧
i6=j
vi 6= vj
∧
i
d(ui, vi) = 3
This sentence says that there are at least p pairs of vertices on opposite
parts which are distance 3 from each other.
(5) ∃u1, · · · , up,∃v1, · · · , vp ∀w such that
∧
i6=j
ui 6= uj
∧
i6=j
vi 6= vj
∧
i,j
ui 6= vj
∧
i
(¬d(ui, w) = 2 =⇒ d(ui, w) = 1)
∧
i
(¬d(vi, w) = 2 =⇒ d(vi, w) = 1)
This sentence says that there are at least p vertices in each part which
only have 1-edges into the opposite part.
For sentence types 4, 5 we vary p over N. Thus we define Φ to be the collection
of all such sentences for every p ∈ N.
We will show that the asymptotic probability of isomorphism classes in A3∞,0,7,8
satisfying any one φ ∈ Φ will go to 1. We will then introduce a countable structure
Γas which satisfies Φ. Finally, we show that Φ is ℵ0-categorical, that is, given any
countable structure Γ in the same language where Γ |= Φ, we have that Γ ≃ Γas.
This gives us that Φ is complete. We deduce then that A3∞,0,7,8 satisfies an labeled
0–1 law. Finally, we make the observation that Th(Γas) 6=Th(Γ3∞,0,7,8).
Lemma 4.1. Define mA,φ(n) to be the proportion of isomorphism classes of n-vertex
spaces in A = A3∞,0,7,8 which satisfy a fixed φ ∈ Φ.
Then
lim
n→∞
mA,φ(n) = 1
for every φ ∈ Φ.
Proof. We address in order the sentence types in Φ.
Type 1: By definition, the spaces in A3∞,0,7,8 have all pairwise distances defined,
and each distance is either 1, 2, or 3. Thus mA,φ(n) = 1 for every n.
Type 2: If this sentence were violated, then there would be a metric triangle
(3, 3, x). No such metric triangle is allowed, and thus mA,φ(n) = 1 for every n.
Type 3: All the spaces in A3∞,0,7,8 either have one part or two parts; thus
mA,φ(n) = 1 for every n.
Type 4: Call one such sentence φp. For a fixed p, n where p ≤
⌊
n
2
⌋
, up to isomor-
phism the number of spaces in A3∞,0,7,8 on n vertices which satisfy φp is
⌊
n
2
⌋
∑
k≥p
k − p+ 1.
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Thus the proportion isomorphism classes of spaces in A3∞,0,7,8 on n vertices which
satisfy φp is ⌊
n
2
⌋
∑
k≥p
k − p+ 1
⌊
n
2
⌋
+1∑
i=1
i
.
This fraction goes to 1 as p stays fixed and n goes to infinity.
Type 5: For a fixed p, n where p ≤
⌊
n
2
⌋
, the number of isomorphism classes of
spaces in A3∞,0,7,8 on n vertices which satisfy φp are again⌊
n
2
⌋
∑
k≥p
k − p+ 1.
Thus again the proportion of isomorphism classes of spaces in A3∞,0,7,8 on n vertices
which satisfy φp is ⌊
n
2
⌋
∑
k≥p
k − p+ 1
⌊
n
2
⌋
+1∑
i=1
i
and this fraction goes to 1 as p stays fixed and n goes to infinity. 
We now construct the limiting structure Γas, and verify that Γas |= φ for every
φ ∈ Φ.
Definition 4.1. Let Γas be a countable metric space which satisfies the following.
• For every pair of points u 6= v, we have that d(u, v) ∈ {1, 2, 3}.
• Γas is bipartite.
• The only distance within a part is 2.
• The distances between parts are either 1 or 3.
• No vertex can have more than one other vertex at distance 3.
• There are countably many points in a part which have exactly one point in
the other part at distance 3.
• There are countably many points in a part which only have distance 1 be-
tween it and the points in the other part.
Lemma 4.2. There is up to isomorphism exactly one countable metric space which
satisfies the description in Definition 4.1.
We will need to carefully build an mapping which preserves the unique 3-edge
coming from some of the vertices.
Proof. Let Γ1 and Γ2 be two countable metric spaces which satisfy Definition 4.1.
We construct an isomorphism between Γ1 and Γ2.
Let (V1)3 be the countable set of vertices from one part of Γ1 which have 3-edges.
Let (V1)
′
3 be an analogous countable set of vertices in Γ2, that is, the countable set
of vertices from one part of Γ2 which have 3-edges. We note that it does not matter
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which parts of Γ1,Γ2 have been chosen, just that the vertices come from a single
part.
Let f0 be any bijection between (V1)3 and (V1)
′
3. We create an extension f1 of f0
as follows: for every u ∈ S3, let v ∈ Γ1 be the unique vertex such that d(u, v) = 3,
and for every u′ ∈ S′3 let v
′ ∈ Γ2 be the unique vertex such that d(u
′, v′) = 3. Then
f1(v) = v
′ for every such v ∈ Γ1 and v′ ∈ Γ2.
Now let (V1)1 be the countable set of vertices from the same part of Γ1 which do
not have vertices at distance 3, and let (V1)
′
1 be an analogous countable set from
the same part of Γ2. Let f2 be any bijection between (V1)1 and (V1)
′
1. Moreover let
(V2)1 be the countable set of vertices from the other part of Γ1 which do not have
vertices at distance 3, and (V2)
′
1 be the countable set of vertices from the other part
of Γ2 which do not have vertices at distance 3. Let f3 be any bijection between
(V2)1 and (V2)
′
1.
Define f =
⋃
i≤3 fi.
Since every vertex in Γ1,Γ2 either does or does not have a vertex at distance 3,
f is a map from all of Γ1 to all of Γ2. Moreover, since f is the union of disjoint
bijections, it is itself a bijection.
We now verify that f preserves distances. Take u,w ∈ Γ1. By the definition of f1,
d(u,w) = 3⇐⇒ d(f(u), f(w)) = 3.
If d(u,w) = 1, then u and w are in opposite parts. If u ∈ (V1)3 and w ∈ (V2)1,
then f(u) ∈ (V1)′3 and f(w) ∈ (V2)
′
1 and so d(f(u), f(w)) = 1. If u ∈ (V1)3 and
w ∈ V2\(V2)1 (that is, w in the opposite part but not in (V2)1), then d(f(u), f(w)) ∈
{1, 3}. Since d(u,w) = 1 implies that w 6= v, we have that d(f(u), f(w)) = 1. Our
argument here is symmetric, so we have that d(u, v) = 1⇐⇒ d(f(u), f(v)) = 1.
As we already showed that d(u, v) = 3⇐⇒ d(f(u), f(v)) = 3, and f is a bijection,
we also have that d(u, v) = 2⇐⇒ d(f(u), f(v)) = 2. 
Below are two representations of Γas—one as a metric space, and one as a graph.
Distance 1 is represented by a solid black line, distance 2 by a solid grey line, and
distance 3 by a dotted black line.
Viewed as a metric space Viewed as a graph
Figure 5. The unique countable model Γas of the almost sure
theory of A3∞,0,7,8
Note that Γas is not metrically homogeneous; it is not even vertex-transitive.
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Thus, we have shown the first part of Theorem 3.
Theorem 4.1. The amalgamation class A3∞,0,7,8 satisfies an unlabeled 0–1 law.
Proof. Lemma 4.1 established a set of axioms which asymptotically go to 0 among
the isomorphism classes of spaces in A3∞,0,7,8. Lemma 4.2 and the observation that
Γ3∞,0,7,10 satisfies Φ imply that this these axioms axiomatize a complete theory. 
4.2. Establishing a labeled 0–1 law for A3∞,0,7,8. It suffices to check that the
proportion of metric spaces of A3∞,0,7,8, now no longer counting up to isomorphism,
which satisfy the axiomatizing set of sentences Φ still asymptotically goes to 1.
Recall that the following sentences axiomatize A3∞,0,7,8 when we vary p over N.
(1) ∀u∀v(u 6= v =⇒ (d(u, v) = 1 ∨ d(u, v) = 2 ∨ d(u, v) = 3))
(2) ∀u¬∃v1, v2 such that
v1 6= v2 ∧ d(u, v1) = 3 ∧ d(u, v2) = 3
(3) ∀u1, u2, u3
∧
i,j ui 6= uj =⇒
d(u1, u2) = 2 ∧ d(u1, u3) = 2 ∧ d(u2, u3) = 2
∨
d(u1, u2) = 2 ∧ d(u1, u3) 6= 2 ∧ d(u2, u3) 6= 2
∨
d(u1, u3) = 2 ∧ d(u1, u2) 6= 2 ∧ d(u2, u3) 6= 2
∨
d(u2, u3) = 2 ∧ d(u1, u2) 6= 2 ∧ d(u1, u3) 6= 2
(4) ∃u1, · · · , up, ∃v1, · · · , vp such that∧
i6=j
ui 6= uj
∧
i6=j
vi 6= vj
∧
i
d(ui, vi) = 3
(5) ∃u1, · · · , up ∀v such that∧
i6=j
ui 6= uj
∧
i
(¬d(ui, v) = 2 =⇒ d(ui, v) = 1)
We once more define Φ to be the collection of all such sentences for every p ∈ N.
Lemma 4.3. Let mA,φ(n) to be the proportion of n-vertex spaces in A = A3∞,0,7,8
which satisfy a fixed φ ∈ Φ. Then
lim
n→∞
mA,φ(n) = 1
for every φ ∈ Φ.
Proof. Sentences 1, 2, and 3 again hold for every space in A3∞,0,7,8, making the
proportion constantly 1.
For a fixed n, p, there are
⌊n
2
⌋∑
k=0
k∑
j≥p
Ç
k
j
åÇ
n− k
j
å
j!
spaces on n vertices in A3∞,0,7,8 which satisfy sentence 4. As p is fixed, we have
that
lim
n→∞
⌊n
2
⌋∑
k=0
k∑
j≥p
(k
j
)(n−k
j
)
j!
⌊n
2
⌋∑
k=0
k∑
j=0
(k
j
)(n−k
j
)
j!
= 1.
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Similarly, for a fixed n, p there are
⌊n
2
⌋∑
k=0
k−p∑
j=0
Ç
k
j
åÇ
n− k
j
å
j!
spaces on n vertices in A3∞,0,7,8 which satisfy sentence 5. As p is fixed, we have
that
lim
n→∞
⌊n
2
⌋∑
k=0
k−p∑
j=0
(k
j
)(n−k
j
)
j!
⌊n
2
⌋∑
k=0
k∑
j=0
(k
j
)(n−k
j
)
j!
= 1.

Thus we have established another part of Theorem 3.
Lemma 4.4. The amalgamation class A3∞,0,7,8 satisfies a labeled 0–1 law.
Proof. As with the proof of Theorem 2.1, this follows from Lemmas 4.2 and 4.3. 
4.3. Establishing an unlabeled 0–1 law for A3∞,0,7,10. We will show that sen-
tences of the following forms axiomatize the almost sure theory of A3∞,0,7,10.
(1) ∀u∀v(u 6= v =⇒ (d(u, v) = 1 ∨ d(u, v) = 2 ∨ d(u, v) = 3))
This sentence says that the only possible distances are 1, 2, and 3.
(2) ∀u1, u2, u3
∧
i,j ui 6= uj =⇒
d(u1, u2) = 2 ∧ d(u1, u3) = 2 ∧ d(u2, u3) = 2
∨
d(u1, u2) = 2 ∧ d(u1, u3) 6= 2 ∧ d(u2, u3) 6= 2
∨
d(u1, u3) = 2 ∧ d(u1, u2) 6= 2 ∧ d(u2, u3) 6= 2
∨
d(u2, u3) = 2 ∧ d(u1, u2) 6= 2 ∧ d(u1, u3) 6= 2
This sentence says that every triple of vertices must have either three
2-edges or exactly one 2-edge
(3) ∀u∃v1, · · · , vp such that
∧
i6=j
vi 6= vj
∧
j
d(u, vi) = 1
This sentence says that every vertex has at least p many 1-edges
(4) ∀u∃v1, · · · , vp such that
∧
i6=j
vi 6= vj
∧
i
d(u, vi) = 3
This sentence says that every vertex has at least p many 3-edges.
Again, define Φ to be the collection of all such sentences for every p ∈ N.
We have the following.
Lemma 4.5. Define mA,φ(n) to be the proportion of isomorphism classes of n-vertex
spaces in A = A3∞,0,7,10 which satisfy a fixed φ ∈ Φ.
Then
lim
n→∞
mA,φ(n) = 1
for every φ ∈ Φ.
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Proof. We address in order the sentence types in Φ.
Type 1 follows as it did with A3∞,0,7,8.
Type 2: Again, since every space in A3∞,0,7,10 has either one or two parts, we have
that mA,φ(n) = 1 for all n.
Type 3: Since k = 0 corresponds to a vanishingly small percentage of the isomor-
phism classes of spaces in A3∞,0,7,10, we consider the cases where k ≥ 1.
Of the ⌊
n
2
⌋
∑
k≥1
n−k+1∑
ik=1
ik∑
ik−1=1
· · ·
i2∑
i1=1
i
many isomorphism classes of spaces consisting of two 2-cliques,
⌊
n
2
⌋
∑
k≥p
n−k+1−p∑
ik=1
ik∑
ik−1=1
· · ·
i2∑
i1=1
i
of them will satisfy φ.
Thus for a fixed p, the proportion isomorphism classes of spaces in A3∞,0,7,10 which
satisfies φ goes to 1 as n goes to infinity.
Type 4: Since 1 and 3 are equivalent inA3∞,0,7,10 (that is, they appear symmetrically
in the allowed triangles), this is equivalent to the fact that the proportion of the
previous type going to 1. 
Lemma 4.6. Let Γ1,Γ2 be two countable metric spaces with distances in {1, 2, 3}
for which Γ1,Γ2 |= φ for every φ ∈ Φ. Then Γ1 ≃ Γ2.
A standard back-and-forth argument works here.
Proof. The following extension axiom will prove particularly useful:
ψq,p,r := ∀x1, · · · , xq∀y1, · · · , yp∀z1, · · · , zq
(*)
∧
i6=j
d(xi, xj) = 2
∧
i6=j
d(yi, yj) = 2
∧
i6=j
d(zi, zj) = 2
∧
i,j
d(xi, yj) 6= 2
∧
i,j
d(xi, zj) 6= 2
∧
i,j
d(yi, zj) 6= 2
=⇒ ∃w ∋
∧
i
d(w, xi) = 1
∧
i
d(w, yi) = 2
∧
i
d(w, zi) = 3.
This sentence is implied by sentences φ of types 2, 3, and 4. Thus Γ1,Γ2 |= ψq,p,r
for every q, p, r ∈ N.
We use a straightforward back-and-forth argument to show that Γ1 ≃ Γ2.
We construct an isomorphism f : Γ1 → Γ2. Let {a0, a1, · · · } be a list of the points
in Γ1 and let {b0, b1, · · · } be a list of the points in Γ2.
Let f0 = ∅.
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At stage s + 1 = 2i + 1, we check if ai is in the domain of fs. If it is, then we
set fs+1 = fs. If it is not, then let α1, · · · , αm list the points in the domain of
fs. Define X := {j ≤ m : d(αj , ai) = 1}, Y := {j ≤ m : d(αj , ai) = 2}, and
Z := {j ≤ m : d(αj , ai) = 3}.
By Axiom *, we can find b ∈ {b0, b1, · · · } \ Im(fs) such that d(fs(αj), b) = 1
for j ∈ X , d(fs(αj), b) = 2 for j ∈ Y , and d(fs(αj), b) = 3 for j ∈ Z. Define
fs+1 = fs ∪ {(ai, b)}.
At stage s + 1 = 2i + 2, we check that bi is in the image of fs+1. The argument
here is analogous to that of s+ 1 = 2i+ 1.
Let f =
⋃
fs. We see that f is an isomorphism, as we have ensured that it is both
one-to-one and onto and preserves distances.
Thus Γ1 ≃ Γ2, and therefore Φ is ℵ0-categorical. 
We have now the first part of Theorem 4.
Theorem 4.2. The amalgamation class A3∞,0,7,10 satisfies an unlabeled 0–1 law.
Proof. Lemma 4.5 established a set of axioms for which the proportion of isomor-
phism classes of spaces in A3∞,0,7,10 which satisfy them asymptotically go to 1.
The observation that Γ3∞,0,7,10 |= Φ together with Lemma 4.6 show that this set
axiomatizes a complete theory. Thus, A3∞,0,7,10 satisfies an unlabeled 0–1 law. 
4.4. Establishing a labeled 0–1 law for A3∞,0,7,10. The method we used in
Lemma 4.3 is difficult to apply here; the combinatorics involved in counting the
number of spaces in A3∞,0,7,10 which satisfy some of the sentences in Φ becomes
complicated.
Instead, we prove asymptotically all the metric spaces in A3∞,0,7,10 are asymmetric,
i.e. their only automorphism is the identity automorphism. We use ideas from
the proof found in [Nesˇ11] that almost all graphs are asymmetric. We note that
such an argument would not have been possible to establish a labeled 0–1 law for
A3∞,0,7,8—not to mention inefficient, as the combinatorial argument requires fewer
steps—since those spaces cannot be constructed probabilistically.
Lemma 4.7. Almost all metric spaces in A3∞,0,7,10 are asymmetric.
Proof. Our argument uses a basic probabilistic argument. We need therefore to
define the notion of a random metric space in A3∞,0,7,10.
Assume a collection V of n vertices is broken into two parts, V1 and V2. The
distances among parts must be 2. Assign distances between parts by assigning
distance 1 and distance 3 with equal probability. That is, for v1 ∈ V1 and v2 ∈ V2,
we say
Pr[d(v1, v2) = 1] =
1
2
and Pr[d(v1, v2) = 3] =
1
2
.
We will estimate the number of metric spaces in A3∞,0,7,10 which would be fixed
by a given nontrivial permutation, and we will also estimate the number of
nonidentity permutations which are automorphisms of a random metric space in
A3∞,0,7,10. The product of these two provides an upper bound on the number of
metric spaces in A3∞,0,7,10 which admit a nontrivial automorphism, and from there
we can calculate the probability that a metric space in A3∞,0,7,10 admits such an
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automorphism. We will ultimately show that this probability goes to 0.
Let φ : V → V be a nonidentity permutation, and let A be a random metric space
in A3∞,0,7,10 with parts V1, V2. We fix x ∈ V such that φ(x) = y, where y 6= x.
We define V ′ to be the edges between parts, that is, V ′ =
{
{v1, v2}
}
v1∈V1,v2∈V2
and define φ′ : V ′ → V ′ by φ′({v1, v2}) = {φ(v1), φ(v2)}. Observe that φ′ is a
permutation.
We examine first the case k = n2 (1 − ǫ), ǫ 6= 0. In particular, this implies that x
and y are on the same side. Given a vertex v on the opposite side of x and y, there
are four possibilities for the pair of distances {d(x, v), d(y, v)}:
• d(x, v) = d(y, v) = 1;
• d(x, v) = d(y, v) = 3;
• d(x, v) = 1 and d(y, v) = 3;
• d(x, v) = 3 and d(y, v) = 1.
As each of these possibilities are equally likely, and as there are at least n2 (1 − ǫ)
vertices on the side opposite x and y, we have that there are at least n4 (1−ǫ) vertices
for which its distance between x and the distance between y are unequal. All of
these vertices must be moved by φ, so there are at least n4 (1 − ǫ) ≥ cn nonfixed
points of φ. This implies that there are at least
cn(n− k) ≥ c′n2
nonfixed points of φ′.
This in turn implies that there are at most
r := k(n− k)−
c′
2
n2
orbits of φ′.
The edges within a single orbit of φ′ must be all 1 or all 3. Thus there are at most
2r metric spaces in A3∞,0,7,10 with parts V1, V2 which admit φ as an automorphism.
As k 6= n− k, there are at most k!(n− k)! nontrivial automorphisms on A.
Combining these two bounds, and recalling that for a fixed n, k there are 2k(n−k)
spaces in A3∞,0,7,10 with parts of size k, n−k, we get that for a fixed n, k, k 6= n−k,
k = n2 (1− ǫ), the probability of a metric space in A
3
∞,0,7,10 with parts of size k and
n− k respectively admitting a nontrivial automorphism is
k!(n− k)!2r
2k(n−k)
.
We expand our argument now to consider all k ≤ ⌊n2 ⌋.
The contribution to our calculation from small k, i.e. k < n2 (1 − ǫ), will be much
smaller than that from relatively large k, and therefore will not affect our limit.
Thus for small k we use the largest possible upper bound, that is, we say that there
are no more than 2k(n−k) metric spaces which admit a fixed nontrivial automor-
phism φ.
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This gives us that the probability that a random metric space in A3∞,0,7,10 on n
vertices admits a nontrivial automorphism is
∑
k<n
2
(1−ǫ)
2k(n−k) +
∑
k=n
2
(1−ǫ)
k 6= n
2
k!(n− k)!2r + (n2 !)
2ψ(φ, n, n2 )
⌊n
2
⌋∑
k=0
2k(n−k)
where the last term in the numerator corresponds to the case k = n2 . In this
term, ψ(φ, n, n2 ) is an upper bound on the number of spaces on n = 2k vertices in
A3∞,0,7,10 which are fixed by a single automorphism φ. Thus, we consider now three
separate cases:
(1) k < n2 (1− ǫ);
(2) k = n2 (1− ǫ), k 6=
n
2 ;
(3) k = n2 .
We separate the three terms in the numerator, and show that each limit goes to
zero.
Term (1) ∑
k< n
2
(1−ǫ)
2k(n−k)
⌊n
2
⌋∑
k=0
2k(n−k)
Each term in the numerator is bounded above by
2[
n
2
(1−ǫ)][n−(n
2
(1−ǫ))]
and therefore the numerator is bounded by
n
2
2
n
2
4
−n
2
4
ǫ2 .
If we only keep the largest term in the denominator, we bound it below and therefore
get a lower bound on the denominator
2⌊
n
2
⌋⌈n
2
⌉ > 2
n
2
4
−1.
Therefore Term (1) is bounded above by
n
2 2
n
2
4
(1−ǫ2)
2
n2
4
−1
=
n
2ǫ
2 n
2
4
which goes to 0 as n goes to infinity.
Term (2): ∑
k=n
2
(1−ǫ)
k!(n− k)!2r
⌊n
2
⌋∑
k=0
2k(n−k)
For any k, n, we have that k!(n− k)! ≤ nn, and therefore
∑
k= n
2
(1−ǫ)
k!(n− k)!2r ≤ nn
∑
k= n
2
(1−ǫ)
2r.
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Recall that r = n
2
4 − c
′n2, where c′ may depend on k, n. For a fixed n, let c˜ =
min
k∈n
2
(1−ǫ)
c′. Then
∑
k=n
2
(1−ǫ)
2r ≤
∑
k= n
2
(1−ǫ)
2
n
2
4
−c˜n2 =
n
2
2
n
2
4
−c˜n2 .
Thus Term (2) is bounded above by
nn n2 2
n
2
4
−c˜n2
⌊n
2
⌋∑
k=0
2k(n−k)
.
Again, we can bound the denominator below by 2
n
2
4
−1 and therefore Term (2) is
no more than
nn+1
2c˜n2
which goes to 0 as n goes to ∞.
Term (3):
(n2 !)
2ψ(φ, n, n2 )
n
2∑
k=0
2k(n−k)
We consider the fixed nontrivial automorphism φ acting on a space A ∈ A on n
vertices with parts V1, V2 where |V1| = k =
n
2 and |V2| = n− k =
n
2 .
If φ switches the two parts V1, V2, then as with the argument for Term (2) there
are at most 2
n
2
4
−cn2 , for some constant c, metric spaces in A3∞,0,7,10 which admit
φ.
If φ switches the two parts V1, V2, then let x ∈ A be such that φ(x) = y for some y
not in the same part as x.
We again define V ′ to be all the edges between parts, and we define φ′ : V ′ → V ′
by φ′({v1, v2}) = {φ(v1), φ(v2)}.
There is at most one edge containing x which is fixed by φ′, namely {x, φ(x)}. Thus
there are at most n2 fixed edges between V1 and V2, Since there are (
n
2 )
2 total edges
between V1 and V2, then there are at least
n2
4 −
n
2 edges which are not fixed by φ
′.
Therefore there are at most
n2
4
−
1
2
(n2
4
−
n
2
)
=
n2
8
+
n
4
=: r′
orbits of φ′.
This gives us that there are at most 2r
′
such metric spaces A which admit φ as an
automorphism.
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As we can again bound the denominator of term (3) below by 2
n
2
4
−1, we have an
upper bound for term (3) of
k2[2
n
2
4
−cn2 + 2r
′
]
2
n2
4
−1
=
n2
4 [2
n
2
4
−cn2 + 2r
′
]
2
n2
4
−1
=
n2
4 [2
n
2
4
−cn2 + 2
n
2
8
+n
4 ]
2
n2
4
−1
=
n2
2cn2+1
+
n22
n
4
2
n2
8
+1
.
This again goes to 0 as n goes to ∞.
We have therefore shown that the probability of a random metric space in A3∞,0,7,10
on n vertices admits a nontrivial automorphism asymptotically goes to 0. Hence
almost all metric spaces in A3∞,0,7,10 are asymmetric. 
Thus we have the following.
Corollary 4.7.1. The amalgamation class A3∞,0,7,10 satisfies a labeled 0–1 law.
Proof. This follows immediately from the fact that A3∞,0,7,10 satisfies an unlabeled
0–1 law and that almost all spaces in A3∞,0,7,10 are asymmetric. 
5. Comparing almost sure theories and generic theories
We now have all the necessary ingredients to prove our last two main theorems.
Proof of Theorem 3. Theorem 4.1 and Lemma 4.4 show that A3∞,0,7,8 satisfies both
an unlabeled and a labeled 0–1 law.
Since the generic theory of Γ3∞,0,7,8 contains the sentence
∀u∃v ∋ d(u, v) = 3
and the almost sure theory does not, we have that these two theories are not the
same. 
Proof of Theorem 4. Theorem 4.2 and Corollary 4.7.1 show that A3∞,0,7,10 satisfies
a 0–1 law.
It follows immediately upon observation that Γ3∞,0,7,10 satisfies Φ, the axiomatizing
set for the almost sure theory ofA3∞,0,7,10. Hence the almost sure theory ofA
3
∞,0,7,10
matches the generic theory of Γ3∞,0,7,10. 
6. Further Work
(1) Do this analysis for more the finite diameter bipartite metrically homoge-
neous graphs of generic type. Are there necessary and sufficient conditions
for determining when the almost sure theory will diverge from the generic
theory?
(2) Establish 0–1 laws for the other metrically homogeneous graphs of generic
type of diameter 3. Compare the almost sure theories and generic theories
and again try to find necessary and sufficient conditions for when the al-
most sure theories and the generic theories will diverge.
We note here that the bipartite graphs are somewhat exceptional, and that
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we may reasonably expect different behavior from other metrically homoge-
neous graphs of generic type.
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